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Abstract 

Let {K, v) be a real closed valued field, and let S C /-C" be a defin- 
able open semi-algebraic set. We find an algebraic characterization of 
rational functions which are OVF-integral on S. We apply the existing 
model theoretic framework for proving Ganzstellensatze, and need to 
control semi-sections and their relations to orderings. 



1 Introduction 

A "Ganzstellensatz" in some valued field is a theorem giving an algebraic 
characterization of rational functions whose values on some definable set lie 
in the valuation ring ('Gauze' elements). A model theoretic framework for 
proving such theorems for theories of valued fields which are model complete 
was suggested by Haskell and Yaffe [3j , where a refined concept of integrality 
relative to a theory replaces the naive definition. 



In this paper we work out some properties of this refined concept in the 
special case of ordered valued fields. We then use the model theoretic frame- 
work, and enlarge the class of definable sets in real closed valued fields for 
which a Ganzstellensatz exists beyond [3]. Our main result (Theorem 15. 5p 
states that a rational function h is OVF-integral on a definable open semi- 
algebraic set S exactly when h is in the 'integral radical of an algebra gener- 
ated by functions of the form ttt , where / is in the positive cone generated 
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by the polynomials which define S. 

This work was done in the author's master thesis [l]. The starting point 
of this work was Theorem 4.12 in [3] in the one variable case, that is, 
a Ganstellensatz for sets defined by positivity of single polynomial in one 
variable. As a first stage for the master thesis, a generalization for one 
polynomial in multi variables using the ingredient from Baer-Krull JT\ was 
proved. A proof for that case was given as well in the published version of 
[3]. The next stage - and the main result of this paper - was a generalization 
to several polynomials. 

In order to achieve a Ganzstellensatz theorem, one first needs to verify 
OVF-integrality of the generators (where in the one variable case this is not 
needed, as the OVF-integrality coincides with naive integrality), and this 
is done using Lemma 13.51 and applied for both one and several polynomial 
cases as is. In order to generalize from one polynomial (in multi variables) 
positivity condition to several such conditions, we show that for every valu- 
ation on the field of rational functions which its valuation ring contains the 
set of generators, one can construct an order on the field which is compatible 
with the valuation, in which the polynomials defining the set are positive. 
We construct a semi-section in Lemma 15.41 (rather than using the fact that 
a semi-section exists [2] and then using it as a black box, as it is done in the 
proof of Theorem 4.12 in [3]) which forces some of the positivity terms, and 
an order on the residue field in Lemma l5.ll which forces the others. Then, 
we use the Baer-Krull theorem [2] to generate an order on the field from the 
order of the residue field and the semi-section which induces the order on 
the residue field and satisfies all the required positivity conditions. 

It was pointed out to the author's attention that a result that would 
not contain the "OVF" -condition might be meaningful and interesting to 
a wider scale of mathematicians. In Proposition 16.11 we prove that being 
OF-F-integral on sets from out type of interest (open semi-algebraic which 
could be intersected with sets defined by valuation inequalities of rational 
functions) is the same as admitting values only in the valuation ring (with 
the possibility of being non-defined at some points) on those sets. From this, 
we may deduce a criterion for a rational function to be bounded on open 
semi-algebraic sets in real closed fields which we demonstrate in Corollary 
[63] and ESI 
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2 Preliminaries 



Given a valued field {K, u) we denote its valuation group by Ty, its valuation 
ring hy = {a ^ K : y{a) > 0}, and its ideal of 'infinitesimals' by 
Aiu = {a £ K : i>{a) > 0}. We might also use Tk, Ok and Aix when the 
valuation v is clear from context. 

We begin by defining the class of valued fields which is our object of 
interest. 

Definition 2.1 An ordered valued field (or OVF) is an ordered field {K, <) 
equipped with a valuation v satisfying Vx, y£K: 0<x<y^ ^{x) > i^{y). 

Equivalently one can require the 'ring of integers' O^, to be convex (with 
respect to <). If {K, v) is some valued field then we will say that an order 
<K on K is compatible with v if (i^T, z^, ^k) |= OVF . 

We now define a class of OVFs which satisfy a nice 'geometric' condition. 

Definition 2.2 A real closed valued field (or RCVF) is an ordered valued 
field which is real closed. 

Cherlin and Dickmann [1] proved that the theory RCVF is the model 
companion of OVF. The relevant consequence for us is that if is a RCVF, 
and L is an OVF extending K, then K is existentially closed in L. This 
means that if </>(X) is some quantifier free first-order formula with parame- 
ters from K (in the OVF language) and L \= 3X : (t){X) then there is some 
h G K"^ satisfying 0(6). 

3 OVF-integrality 

We say that a rational function / over a valued field {K, v) is (naively) 
integral at some point h G K"^ if the function / is defined at 6, and /(6) 
is in the value ring Oy. A motivation for the need for a refined notion of 
integrality of a rational function at a point was given in section 2.2 of [3]. 

Let L denote the field K{x) of rational functions in variables x = (xi, . . . , Xn) 
over K. 

Definition 3.1 J^' ^ valuation v on L which extends v is called an OVF- 
valuation if there exists some order <l on L such that (L, <l, v) |= OVF. 

Note that by definition any OVF-valuation on L extends v. 
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Definition 3.2 Let {K,v) |= RCVF, h G K". We will say that an 
OVF-valuation v on L = K{x) is near b if for every f & L such that 
f(b) = and every 7 G Tk we have i>(/) > 7. 

For any b £ there exist OVF-valuations near b - see for example 
Proposition 4.2 of [3J for a proof. 

Definition 3.3 Let {K, v) \= RCVF. Given f £ L = K{x) and b £ K"- 
we say that f is OVF-integral at b if for any OVF-valuation i/^ on L which 
is near b we have vi{f) > 0. 

For S C we say that f is OVF-integral on if f is OVF-integral at 
b for every b £ S. 

By existence of OVF-valuations near b it is easy to conclude that OVF- 
integrality is equivalent to naive integrality whenever / is defined at b. 

Lemma 3.4 ;3j Let f £ K{x) and b £ K"" (where {K,u,<k) \= RCVF) 
such that f is defined at b. Then f is integral at b if and only if it is 
OVF-integral at b. 

3.1 Properties of OVF-integrality 

We begin with a nice lemma which demonstrates the implications of being 
an OVF-valuation near b. 

Lemma 3.5 Let be an OVF-valuation on L = K{x) near b £ K^, and 
assume p £ L satisfies p(b) > 0. Then for every ordering <l on L which is 
compatible with we have p>L^- 

Proof Assuming for contradiction that p <l we get < <l p{b) —p, 
and by the OVF axiom we get 7 := i'{p(b)) > i^[p{b) —p). However — 
p){b) = , and since is a valuation near b the valuation 1/5(^(6) — is 
larger than any element of Tk, contradicting 7 £ Tk- | 

Remark (i) The converse implication is false, of course: even if p >i 
for every order <i compatible with we may only deduce p{b) > (for 
example consider p{x) = (x — 6)^). 

(ii) Lemma 13.51 was implicitly used in the proof of Theorem 4.12 of [3], 
when justifying the necessity property. 

We now give notation for the positive cone generated by a subset of some 
field. 
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Definition 3.6 Let L be any field, P Q L some subset. The positive cone 
of P is the minimal set Cone{P) C L containing PU {L^Y' which is closed 
under addition and multiplication. 

Clearly if (L, <) is an ordered field and P is contained in the set L-^ of 
non-negative elements then Cone{P) C L-^. Note that L is formally real 
exactly when —1 ^ Cone{9), and that usually the term 'cone' is used only 
when —1 is not in Cone{P). 

Proposition 3.7 Given polynomials p = (pi, . . . ,Pfn) from K[x] define 
Sp = {b £ i^" : Vi € [m] : Pi{b) > 0}, and assume Sp is non-empty. 
Then for every f S Cone{p) the function is OVF-integral on Sp. 

Proof Fix some b G Sp, and let be any OVF-valuation near b. We need 
to show that > 0. Now choose some ordering <l on L which is 

compatible with z^. By Lemma 13.51 we have pi >l (1 < i < m), and 
since / is in the cone generated by the polynomials pi we also get / >l 0. 
Therefore in the OVF L we have < 1 <l 1 + / , and we may conclude that 
> 1^(1 + f), or £ Ou-^, as required. 

4 Formulation of the general Ganzstellensatz 

Let {K, v) be any valued field, L an extension field, and A <Z L some 
Oi^-'algebra. We give here the definitions and the framework for proving a 
Ganzstellensatz. A Motivation for these definitions and a proof for Lemma 
14.21 (for a general theory of valued fields) can be found in [3]. 

Let ^ C L be an O/^-algebra such that A Ci K = Ok- Define T = 
{1 + ma : m € Mk,o, £ A}, and note that T is a multiplicative set. 

Definition 4.1 The integral radical of A in L is defined as the integral 
closure (in L) of the localization At, and will be denoted by "\/A. 

Note that (K, v) and L are omitted from the above notation for conve- 
nience. 

The following proposition is a special case of the model theoretic frame- 
work given in Lemma 2.17 of [3]: 

Proposition 4.2 13] Let {K, v) |= RCVF and let S <^ K'^ be a nonempty 
set defined by a quantifier free formula (j)s{X). Let L = K{x), and assume 
A C. L is an Ox-algebra with the following properties: 
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Necessity Every f G A is OVF-integral on S. 

Sufficiency Let D he any valuation on L extending v such that A Q Oi>. 
Then there exists an order <l which is compatible with u, and such that 
{L,I>,<l) 1= (l)six). 

Then for every h £ L we have that h is OVF-integral on S if and only 

if he '"</a. 

5 A Ganzstellensatz for open semi-algebraic sets 

Let p = (pi, . . . ,Pm) be a tuple of polynomials from K[x], and let Sp = {b £ 
I Vi G [m] : pi (h) > 0} . Assume that the set Sp is non-empty. 
Remember that Cone{p) denotes the positive cone generated by the poly- 
nomials Pi. Since we assumed Sp ^ 9 we get — 1 ^ Cone{p), and we let 
Ip = {j^ I / £ Cone{p)}. Note that if we denote by Q the set of sums of 
squares in (L^)'^ then 

JC[m] ieJ 

Finally let Ap be the Oi^'-algebra generated by Ip. Our goal in this 
section is to show that the the O^'-algebra Ap satisfies the conditions of 
Proposition 14.21 We start with a few lemmas. 

Lemma 5.1 Let v be any valuation on L = K{x) extending v such that 
Ap C Oj>, and let C = {res{-^)\q G {pi, ...,Pm),c G L,D{q) = t'(c^)} where 
{pi,...,Pm) is the multiplicative semi-group generated by pi,...,pm. Let £ 
denote the residue field of (L, u). 

Then there exists an order <£ on £ such that f >iO for every f £ C. 

Proof We shall assume by way of contradiction that there is no such linear 
order, i.e, —1 belongs to the cone generated by {a^|a G £} U C. Hence, 
there exist some qi,...,qt G {pi,...,pm) and some ci,...,q G L such that 
^(c?) = I'iqi), and there exist some pi, pt G £ such that every pj is a sum 
of square elements in £, satisfying 

t 

J]/>jres(^) = -1. 
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Let ri, ...,rt G L he such that every rj is a sum of square elements in L and 
res{rj) = pj. Then 

Therefore the inverse of the above expression has negative valuation. 
However this inverse clearly has the form for some / G Cone{p), con- 
tradicting Ip ^ Oy. I 

We now demonstrate the main tool for constructing an order on a valued 
field from the order on its residue field. We begin with the definition of semi- 
sections, which exist for any valued field. 

Definition 5.2 A semi-section of a valued field {L,fi) is a map s : — ?• 

such that for any j G we have /i(s(7)) = 7 and for every 71,72 € we 
have 

sjli + 72) ^ ^x2 
5(71)5(72) 

The following lemma is a special case of the Baer-Krull theorem (see for 
example [2]), and we use it in this paper to construct from a semi-section 
and an order on the residue field an order on the field which induces the 
order on the residue field. 

Lemma 5.3 Let (L, /i) be a valued field, and let <£ be an order on the 
residue field i. For any semi-section s of (L, //) we can define an order on 
L by X >L <^ ^^'^(i(7fs)y) ^' Moreover, the order <l induces <£. 
Finally, any order on L which induces <e is compatible with fi. 

Using the following lemma, we show that for every finite set of elements 
in the field with odd valuation, we can construct an order on the field in 
which they would be positive. 

Lemma 5.4 Let D be a valuation on L extending v, and let <£ be an order 
on the residue field i of {L,D). Given pi,...,pt G L let 7^ = i^ipi) G be 
their corresponding valuations. Assume that {2r^}j-i ^'"fi linearly indepen- 
dent over Then there exists an order <i which induces <£, such that 
Pi for every 1 < i < t. 
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Proof Let 7^ = for 1 < i < t and let {7j}ig5 be an extension to a base 

for ^ ^ vector space over Let s : 1^ — )• -j-^ be a group homomor- 

phism such that s(7j) = for 1 < z < t and pi is the image of pi in 
Our aim is to find a function s such that the following diagram commutes 
and v{g) = i>{s{v{g))) for every g £ L. 



7r2rr 



Tl ^ , 



2 

For every 7 G let /-^ G be such that i'{f'y) = 7. Let {7j}jg5 
be representatives for {'yi}i^s and let f-y^ G be such that uif-y) = 7 
and lifting 5(7^). Define s{Yfj=ilij +27) = Y\]=i f■y^ f2'r- Since every 
element in Fj;, has a unique such representation s is well defined. Thus s 
is a semi-section, and by Lemma 15.31 we may define an order <l on L by 
g >lO <^ ^es( a(p^g)) ) >£ 0, and <i induces <£. For every 1 < i < t we have 
that s(7j) = picf (where z>(c) = 0) hence res{-^^) > and pi >l 0. | 

Now, we are ready to prove the main theorem of the paper. 

Theorem 5.5 Let {K, v) he a real closed valued field and let L = K{x). Let 
p = {pi, ..,pm) where pi, ...,Pm e K[x]. Let 



Sp= IbGK^l /\pi(b)>0 



i=l 



Let Ip = 1 1^ I / £ Cone(p)|, and let Ap be the OK-o-lgebra generated 
by Ip. 

Then for every h £ L, h £ ^"y^~Ap if and only if h is OVF-integral on Sp. 

Proof In order to prove the Theorem we shall prove that Ap satisfies the 
conditions of Proposition 14. 2[ 

For the necessity condition we need to prove that for every h £ Ap, h \s 
OVF-integral on Sp. Since Ap is generated as an O^-algebra by Ip it will 
be enough to prove that h is OVF-integral on Sp for every h £ Ip. This is 
exactly the content of Proposition 13.71 
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In order to prove the sufficiency condition, we need to show that for 
every valuation v extending v to L such that C Oy there exists an order 
<L on L, compatible with i>, such that pi, ...,Pm. >L 0. 

For i € [m] let 7, = t'(pj), and denote by 7^ the image of 7^ in 
Without loss of generality, let pi, ...,pt be such that {71, 7t} is a maximal 
independent subset of {71, ...,7^} over So, for all t + 1 < i < m 

t 

i=i 

for some Sjj- S {0,1}. Therefore, by Lemma l5.ll there exists an order <i 
on the residue field such that for any order <l on L which induces all 
elements in the set 

P^UUpI I t + l<i<m,9{ch = i){p,ll 

j=i 

are positive. 

By Lemma [5. 41 there exists an order <l inducing <c such that pi, ...,pt >l 0. 
Hence pi Ylj=iP^/'^ >l for every t + I < i < m. Thus pi, .■.,Pm >L 0. By 
the last part of Lemma 15.31 any order on L which induces an order on the 
residue field is compatible with i>, in particular <i. Hence, the sufficiency 
property holds. 

As proved above, Ap satisfies the necessity and sufficiency properties, and 
therefore by Proposition 14.21 h G ^"^/Ap if and only if h is OVF-integral on 
Sp. I 

We also get a similar Ganzstellensatz for the intersection of Sp with 
finitely many valuation inequalities, with an almost identical proof. 

Theorem 5.6 Let {K, v) he a real closed valued field and let L = K{x). Let 
p= {pi,..,pm),g = {gi,...,gi) where pi, ...,pm G K[x] and gi,...,gi G K{x). 
Let 

{m I ^ 

beK^\f\Pi{b)>0,f\u{g,{b))>0\ 
1=1 i=l ) 

Let Lp = 1 1^ I / £ Cone{p)^, and let Ap^g be the Ox-algebra generated 
by LpU{gi,...,gi}. 

Let h £ L. Then h £ Ap^g if and only if h is OVF-integral over Sp^g. 
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6 Boundedness on open semi-algerbraic sets 



We now show that we can use the Ganzstehensatz theorem 15.61 in order 
to give a criterion for a rational function to be bounded on an open semi- 
algebraic set. First, we show that for a rational function h being OVF- 
integral on definable sets as those we are working on, just means that when- 
ever h is defined on the set it is integral. 

Proposition 6.1 Let {K, u, <k) |= RCVF . Let Sp^g be as above and h G 
K{x). Then h is OVF-integral on Sp^g if and only if h gets only integral 
values on Sp^g. 

Proof One direction follows directly from 13.41 For the second direction - 
let b G Sp^g such that h is not definable at b and suppose that h is not OVF- 
integral at b. Hence there exists an OVF- valuation which extends v near 
b such that i^{h) < 0. Let <i be an order compatible with i^. According 
to Lemma 13.51 every such order satisfies p > 0. Hence /C(x) |= "p{x) > 
A v{g{x)) > A v{h{x)) < 0". Since /C is existentially closed in IC{x) then 
there exists c G Sp^g such that z^(/i(c)) < 0. Hence h gets also non-integral 
values on Sp^g. | 

Remark In [5] Y.Yaffe gives actually a topological criterion of being OVF- 
integral at a point, and deduces further topological results on real closed 
valued fields, and generalizes 15.61 to open semi-algebraic sets intersected 
with sets that admit that criterion on some rational functions. 

Definition 6.2 Let K \= RCVF and let a e K. We say that h G K{x) is 
bounded by a on a set S if h{S) C Ba, where u{a) = a, Ba is the closed 
ball in radius a around 0. 

We may now obtain the following about boundedness of rational functions 
on open semi-algebraic sets in real closed valued fields. 

Corollary 6.3 Let K \= RCVF and let o > 0. For every h G K{x), we 
have that h is bounded by a on Sp^g if and only if h ^ ^'\/AaT where Aa 
denotes the {—aOK,+aOK)- algebra generated by Ip^g. 

Corollary 6.4 For every h G K{x), we have that h is hounded on Sp^g if 
and only if h & """^/At, where A denotes the K -algebra generated by Ip^g. 

For every non-archimedean real closed field R there exists a canonical val- 
uation which makes Rhe a model of RCVF in which the valuation ring is 
the convex hull of Z in R. Hence, we may obtain a criterion for a rational 
function to be bounded on an open semi-algebraic set Sp in i?". 
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Corollary 6.5 h € R{x) is bounded on Sp if and only i/ /i G "\/B where 
B is the R-algebra B generated by Ip localaized by the set 1 + MB, where 
M = {e|V„6Ne < 

For every real closed field (archimedean as well, as M), one could obtain 
result using the field of puiseux series and Corollary 16.31 

Corollary 6.6 Let R |= RCF and let R its puiseux series, then h E R(x) 
is bounded on Sp if and only if h €z "v^ Pi R{x) where B is the Op^-algebra 
B generated by Ip localized by T{B) . 

Proof In order to use Corollary 16. 31 we need to verify that h £ R{x) which is 
OVF-integral according to the standard valuation (could be also trivial) on 
Sp is also OVF-integral on Sp. Suppose by contradiction that there exists 

h £ R{x) such that h is OVF-integral on Sp and b G FT-K^ such that b G S^ 
and h is not OVF-integral at b. Let bo G i?" such that b[i]—bo[i] G Mj^—Mr, 
and denote ^ = f • Then t{bo) = and for every m £ — Mr we have 

that h is not OVF-integral at Bq + {m)i where {m)i has m in its i coordinate 
and in all others. Hence, according to Proposition 2.6 at [5j /i is not 
OVF-integral at 6o- I 
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